We study the stability of accretion disc around magnetised stars. Starting from the equations of magnetohydrodynamics we derive equations for linearized perturbation of geometrically thin, optically thick axisymmetric accretion disc with an internal dynamo around magnetized stars. The structure and evolution of such discs are governed by an evolution equation for matter surface density ∑(R, t). Using the time-dependent equations for an accretion disc we do a linear stability analysis of our steady disc solutions in the presence of the magnetic field generated due to an internal dynamo.
Introduction
After the establishment of the standard thin accretion disc model by [1] , its stability has become an important area in the accretion disc theory. Since instabilities of accretion discs permit to explain the observed phenomena of variability and luminosity of various astronomical objects, such as X-ray binaries, black holes, active galactic nuclei, etc., many authors have carried out studies on the instabilities of accretion discs using standard model. [2] found that in the innermost regions of accretion discs around stellar mass neutron stars or black holes, where electron scattering is the dominant source of opacity and radiation pressure is much greater than gas pressure, the disk flow would be viscously unstable if radiation pressure was to determine the magnitude of viscosity in the α prescription. Subsequently, numerous authors generalized this stability analysis and showed that these inner regions of the disc may also be thermally unstable (e.g. [3] and [4] ). However, these analyses dealt primarily with the evolution of small perturbations of the disc's central temperature T and surface density Σ . [5] undertook a more general stability analysis by considering the evolution of infinitesimal perturbations of all three components of the fluid velocity as well as temperature, T and surface density Σ , and he found that the disc also exhibited pulsational instability besides the viscous and thermal instability. [6] generalized Kato's analysis by considering the pulsation stability criterion for a thin disk model with different ratios of gas to radiation pressure, arbitrary values of α , a general functional form for the viscosity. Chem and Tamm (1993) performed a numerical study on the structure and stability of accretion discs, taking into consideration radial velocity. They showed that the radial velocity has a stabilizing influence on the viscous mode. Wu Xuebing et al. (1994) and Yu Wenfei et al. (1994) considered the influence of radial velocity on the stability of a polytropic and an isothermal magnetised accretion disc, respectively. Thermal instability results from the inability of local heating and cooling mechanisms to efficiently maintain a thermal balance, while the viscous instability results from a negative diffusion coefficient which amplifies density contrasts. In the former case the inner region of the disc tends to break up into concentric rings. In circumstances where the disc is unstable to both thermal and surface density perturbations, thermal stability determines the evolution of the disc since its corresponding growth time is shorter. The Balbus-Hawley (magnetorotational) instability of weak magnetic fields in accretion discs drives MHD turbulence which transports angular momentum radially outwards ( [7] [8]), and is thought to play an important role in the evolution and dynamics of astrophysical accretion discs. The instability has also been invoked as a component of a disc dynamo model, in which the instability creates radial field from vertical field, the shear in the disc creates azimuthal field from the radial component, and the Parker instability creates vertical from azimuthal field and expels flux from the disc [9] .
[10] hereafter Paper I, have investigated the interaction between magnetic neutron star and its surrounding accretion disc in the case where the accretion disc is supporting an internal dynamo. They introduced a new solution for an accretion disc around a magnetic star. [11] , hereafter Paper II, have also studied the thin accretion disc around millisecond X-ray pulsars, which is the extension of Paper I. In both Papers they have developed a model for steady-state disc and found that the torque generated by the internal dynamo is stronger than the torque generated due to the shear.
The purpose of the present work is to study the time dependent behavior of thin, axisymmetric accretion disc with an internal dynamo around magnetised stars. This will be used to determine the stability properties of our disc model which has been developed in Paper I & II. We work in the spirit of [1] & [4] and Paper I & II and assume that the disc is geometrically thin and optically thick. In Section 2 we start from the equation of magnetohydrodynamics and derive basic time dependent equations. We then present the modified diffusion equation and its analysis in Section 3 and discuss the stability properties of our disc model in Section 4. Finally we summarize our conclusion in Section 5.
Basic Time-Dependent Equations of Accretion Disc
In order to study the temporal behavior of the disc we derive basic time-dependent equations for a thin axisymmetric Keplerian disc around a magnetized star with a magnetic dipole field. The basic equations describing the time-dependent accretion disc can be derived from the equations of magnetohydrodynamics. The dynamical equations for steady state axisymmetric accretion flows we consider here are usual in (paper I & II). Our approach is an extension of the standard model for a thin accretion disc [1] , and it follows closely the method that we introduced in Paper I & II, though we will now consider general time-dependent equations around magnetised stars.
Equation of Continuity
We start with the conservation of mass, which we have already introduced in the steady-state case
where ρ is the density and
is the fluid velocity with radial, azimuthal and vertical components, respectively. For a thin axisymmetric disc integrating (1) vertically and neglecting a vertical outflow from the disc we get ( )
where Σ is the surface density.
( )
where H is the half-thickness of the disc at any given radius, while ρ is the volume density. The variation in the surface density at radius R conforms to the equation of continuity and gives
where M  represents the mass transfer rate at each radius given by
Equation of Momentum Transfer
The time-dependent version of the angular momentum transferred per unit mass of a fluid can be derived from the Navier-Stoke's equation and rewritten in general as
where P pressure, v kinetic viscosity, Φ the gravitational potential 1 .
For a thin accretion disc .
Neglecting vertical outflows since the motion in the disc along the z-direction are subsonic and assuming the magnetic field to be weak the equation reduces to the equation of hydrostatic equilibrium
Using the above equation the pressure is
but the hydrostatic equilibrium can also be expressed as
which shows that the Keplerian velocity is highly supersonic in a thin accretion disc assumed above, where 
We neglect
because the large-scale poloidal magnetic field is the stellar dipole field, which has only a vertical component in the stellar equatorial plane. Using continuity equation and assuming that
Then the conservational angular momentum given by Equation (14) leads to the following height-integrated equation
where the right-hand side of Equation (15) accounts for the radial advection of angular momentum owing to the viscous and the magnetic torques. The magnetic term describes the exchange of angular momentum between the disc and the star via magnetosphere. We assume that the vertical magnetic field is due to the dipolar field of the neutron star, so that its value in the equatorial plane is
where µ is the magnetic dipole moment of the star. This term vanishes if B φ is an even function of z , but the shear between the disc and the stellar magnetosphere generates an odd B φ whose value in the upper half of the disc is
where Ω k v R φ = , Ω s is the angular velocity of the star, γ is a dimensionless parameter of the order of a few [12] [13] . We now add an extra large-scale toroidal field, which is generated by an internal dynamo in the accretion disc. Such a dynamo is a natural consequence of the magnetohydrodynamic turbulence in the accretion disc [14] . In order to estimate the size of ,dyn B φ we will for the moment assume that the viscous stress in the accretion disc is due to the internal magnetic stress
where we use the [1] prescription for the viscosity in the last equality. Based on the results of numerical simulations of magnetohydrodynamic turbulence in the accretion discs (e. . However this B φ is the sum of the large-scale field and small-scale turbulent field, which is also contributing to stress r f φ through its correlation with a turbulent R B -field. Since the large-scale field might be a small fraction of the total field we multiply B φ with a factor to get an estimate for ,dyn
where 1 1 − ≤ ≤  , and a negative value describes a magnetic field which is pointing in the negative φ -direction at the upper disc surface. We now replace the B φ in Equation (15) with the sum of the toroidal fields that are generated by the shear, Equation (17), and the internal dynamo, Equation (20) gives
Solving Equation (15) for radial velocity yields
Inserting Equation (22) into continuity equation, then the equation for the evolution of the surface density ( ) Σ ; r t of the accretion disc for the disc around the magnetised star can be found as
Equation (23) is an integral of the mass and angular momentum equations which is more general, and relies on the assumptions: conservation of mass, conservation of angular momentum, and that the potential is Keplerian. Since the time dependence enters only through Equation (23), it is essential to try to express the other quantities in terms of Σ as far as possible, as they depend on t only through Σ and not explicitly.
Dissipation of Energy in the Disc
The Navier-Stoke's equation for the conservation of internal energy can be written as:
Here the second term on the left describes the variations in the internal energy e E ρ = , while the first and third terms in the right-hand-side describes viscous heating and radiative cooling respectively and the second and fourth terms are respectively ohmic heating and heat conduction. Neglecting very small terms and retaining the dominant terms, then the energy equation gives
Integrating Equation (25) vertically over the disc we have
This is the conservation of energy. The optical depth of the disc is given by :
where is the general opacity given by , es ff
where es κ is electron scattering opacity equal to 
Equation of State
The total pressure is the sum of gas pressure and radiation pressure and then given by the equation of state:
In Equation (32), p m , B K , µ , and a are the mass of a proton, Boltzmann constant, the mean molecular weight for ionized gas, and familiar radiation constant, respectively. We can write Equation (31) as 
Viscous Stress
In our model the viscous stress tensor is related according to ( )
The conventional ss α model assumes that 
where ss α is a viscous parameter which describes the strength of the viscous stress.
From Equation (35) the internal pressure becomes
Which we solve for the density of the gas 1 2
Viscous Stability
Viscous stability of geometrically thin, optically thick, Keplerian accretion disc is described by the evolution of the discs surface density which is obtained by combining the conditions of conservation of mass and angular momentum. In our model this is the equation for the evolution of the surface density Σ of an accretion disc around a magnetized star as shown in Equation (23) where B φ is the sum of the magnetic field generated by the internal dynamo and due to shear. Equation (38) is a diffusion equation in the presence of magnetic field which gives the evolution of the surface density function, due to the spreading of material controlled by viscous and magnetic stresses. It is clear that in order to solve non-linear Equation (23) and subsequently find all the other disc variables is in general a formidable task which must be solved numerically which will not be considered in this paper for the moment. However, we can draw important conclusions relating different equations and the form of Equation (23) alone. Suppose the viscous v varies as given power of radius the equation can be solved analytically. Assuming that the viscosity at a given radius depend on local parameters in the disc. In its simplest form we may write
We further assume that the surface density in a steady disc is perturbed axisymmetrically at each radius R , so that 
where, 
Here the shear component of the magnetic field is very small and dropped. Thus a small perturbation satisfies the linear equation
where,
Equation (43) However, if Σ y ∂ ∂ is negative, more material will be fed into those regions of the disc that are denser than their surroundings and material will be removed from those regions that are less dense so that the disc will tend to break up into rings and this breakup of on viscous time scale constitutes the viscous instability; steady disc flow is only possible provided that 0 Σ
If a disc is viscously unstable, a region that is locally under dense (over dense) evolves faster (slower) than its surroundings and thus becomes even more under dense (over dense). Thus Equation (43) is the fundamental equation of non-stationary disc accretion. Stability analysis can be made based on these equations. We shall look for solutions to Equations (41) and (43) of the form which represents the perturbations considering short wavelength modes of the form,
where A is a constant, ω the angular frequency and k the wave number and 1 kR  . For such modes, variations in disc quantities can be ignored over a wavelength and 2π kR  . Viscous instability then follows
with y being influenced by the magnetic field. Since the magnetic diffusivity is fixed then we drop subscribe zero and the shear part of the magnetic stress from Equation (44) and we obtain the same as Equation (43) ( )
Substitution of Equation (45) . The increase in Σ v due to the effect of the magnetic field. The magnetic field generated due to internal dynamo is dominant in our model (Paper I & II) as a result the disc is stable in the presence of strong magnetic field in the gas pressure dominated disc. Because the magnetic field due to the internal dynamo may maintain sufficient angular momentum transport throughout in such type of disc. But in the radiation pressure dominated disc the toroidal magnetic field generated by an internal dynamo is independent of dynamical viscosity as well as the magnetic field is weak compared to the gas pressure dominated disc (Paper II), then the innermost disc region is unstable.
From the perturbation equations we can find a dispersion relation, which will give solutions that are stable and unstable in addition to the stability condition which have already used above. Substituting Equation (45) into (4) we have Equation (47) is the general dispersion relation and will help us to investigate the stability of our disc model. From the right hand side equation the first and the second term in Equation (47) is due to viscous stress, which is the first and the second orders of k the leading term in k is the quadratic term, the third terms are due to magnetic field generated by the internal dynamo. For the short wavelength limit k → ∞ , Equation (47) (Figure 1) . Weakly magnetised accretion discs are subject to a powerful axisymmetric instability. Strongly magnetized accretion discs are subjected to stability conditions. The dispersion relation (48) indicates that the most rapidly growing wave numbers in a thin disc have growing rates. The growing rate is dependent on the strength of the magnetic field. For imaginary of ω the instability criterion is most easily satisfied than the real part of it but the azimuthal component of the strong magnetic field (dynamo field) tends to stabilize. Generally the dispersion relation is used to investigate the stability properties of the accretion disc by considering the local perturbation of the disc as shown in Figure 1. 
Discussions

Timescales and Stability
The time-dependent accretion discs with α-parameter viscosity were constructed by [2] and its flow is controlled by the size of the viscosity. Hence observations of time-dependent disc behaviour offer one of the few sources of quantitative information, it is important to consider the relative magnitudes of the various timescales over which accretion discs form and evolve and the effect of magnetic field is observed on timescales. We begin by identifying the typical timescales on which the disc structure may vary.
The dynamical time scale ( ) dyn t is simply related as: This is the shortest time scale present in the disc, which is the Keplerian period, that ranges very small in the inner region and increases to outer disc and also the typical growth time of some important instabilities, such as the magneto-rotational instability. Using steady state equation we can write this as 
We see that the dynamical timescale depends on mass of the accretor, accretion rate, magnetic moment and radius and also measures the speed with which hydrostatic equilibrium in the vertical direction is established. From Equations (50) and (51) the dynamical time scale increases when the magnetic field is strong.
Thermal time scale ( ) th t which is responsible for readjustment to thermal equilibrium and mathematically given by 
We thus see that ~.
th dyn ss dyn t t t α  Viscous time scale (t visc ): a time in which angular momentum distribution changes due to torque caused by dissipative stresses. The viscous timescale sets the scale for the evolution of the surface density. From the analysis of time dependent models above, we have seen that this timescale is given by the viscous time scale .63 10 8. s 92
which gives the timescale on which matter diffuses through the disc under the effect of viscous torques. The viscosity has the effect of spreading the original ring in radius on a typical time scale, assuming that the typical length scale for surface density gradients in the disc is ~R . This is an order of magnitude longer than other time scales. Using the α -parameterization we can also write 2 1~. 
The thermal time scale is large in the region of weak magnetic field or inner region of the disc (see Equations (56) and (57)) which leads to instability of the disc. Since α < 1 then the three time scales can be related by a well-defined hierarchy of timescales (58) which then shows that the centrifugal balance in the radial direction and hydrostatic balance in the vertical direction are very rapidly achieved, while the disc temperature generally evolves on a longer timescale, and finally, on an even longer timescale, one can see some evolution in the surface density profile.
Finally, note that all of the above timescales are a function of radius. In particular, if H/R are constant which is not our case (which is not generally true), then they all scale in the same way, and for a Keplerian disc, they increase with radius as
. Thus the evolution of the inner disc is generally much more rapid than the evolution of the outer disc. Suppose now that a small perturbation is made to a generally considered equilibrium solution and that this perturbation continues to grow rather than being damped. Then the supposed steady solution is said to be unstable and cannot occur in reality. The sharp difference we have found in the various timescales means we can distinguish different types of instability. If for example the energy balance is distributed in the disc, any instability will grow on a timescale t th , which is much less than t visc . Since t visc is the timescale for different changes in the surface density Σ to occur, we can assume that Σ is fixed during the growth time t th .
We refer to this as a thermal instability. For α < 1 we also have t th > t ∅ − t z , so the vertical structure of the disc can respond rapidly, on a timescale t z , to changes due to the thermal instability, and keep the vertical structure close to hydrostatic equilibrium.
Stability Analysis
In In more general situation when the system is time-dependent, there is no fixed M  but in our work we use accretion rate in steady state, and time-independent equation has to be replaced by an explicitly time-dependent diffusion type equation for Σ . In any case, in order to close the system of equations we need another equation that relates with Σ . In the time-dependent case the sign of ∂Λ ∂Σ determines whether the solution is viscously stable (positive sign) or unstable (negative sign). In paper I Equations (39) and (40) we have the relations y M = Λ  , R = rR A , use of these relations in Equation (44) and dropping the subscript zero and the shear component of the magnetic stress with similar reason given in Section 5.4 we obtain ( ) ( ) ( )
In the gas pressure dominated disc when the accretion rate increases the magnetic field due to dynamo increases (strong field is generated) as result sufficient angular momentum is transported which lead to stability of the disc properties. But in the radiation pressure dominated disc the inner edge of accretion disc close to the surface of the neutron star and the magnetic field due to dynamo decrease which cannot shut off the instability.
From paper I Equation (47) and Σ were related by Equation (60).
From the dispersion relation Equation (60) gives information for stability and instability of disc with positive and negative slope. Figure 2 shows that positive and negative slope indicate stability and instability of the disc. This is basically comes from the time-dependent equation of accretion disc around magnetized stars. 4 
∂Λ =× Σ > ∂Σ
In this case steady disc flow is possible and which satisfies stability condition. Therefore, steady state model is stables against small perturbation in the gas pressure and free-free absorption dominated disc (that is positive slope). Since in the gas pressure dominated disc the magnetic field is strong than the radiation pressure dominated disc, the strong magnetic field generated by internal dynamo helps the disc to be stable. We can also show stability of the disc using the derivatives of temperature with respect to the surface density as shown in Figure 3 
the disc is stable. When 0 T ∂ < ∂Σ , and a viscous instability, this time known as the Lightman-Eardley instability.
The time-dependent discs give us information to explain the torque reversal of X-ray pulsars by reversing the magnetic field in the disc with similar magnitude of spin-up and spin down torques which depends on the inner and corotation radii. In linearly stable disc we can observe the stable torques, and it is non-linearly unstable because otherwise no torque reversal would occur. Since in the star disc interacting system presence of a disc dynamo produces a significant enhancement of the torque between the magnetic field of the neutron star and the accretion disc. In this case steady disc flow is possible and which satisfies stability condition. Therefore, steady state model is stable against small perturbation in the gas pressure and free-free absorption dominated disc.
In the inner regions of the disc where the radiation pressure and an electron scattering opacity is dominant, 
Conclusions
We have studied the stability of thin, axisymmetric accretion disc with an internal dynamo around magnetised stars in order to do a linear stability analysis of our steady disc solutions supported by an internal dynamo using time-dependent equations. This gives us the tool to start exploring the stability properties of the disc. Perturbation of the surface density and dynamo-component of the magnetic field and the general dispersion relation tell us stability properties of our disc. The disc is unstable to the surface density and thermal perturbation in the local approximation when the radiation pressure becomes dominant as seen in Equation (64). Our finding shows that the time scale varies within the magnetic field, in the inner regions of the disc the thermal time scale is large compared to outer regions of the disc because the magnetic field is weak. Thus the inner most disc region is unstable (see Figure 4 ) and the outer and the middle regions are stable.
In the presence of strong magnetic field the disc is stable, while for weak magnetic field the instability develops. In our model the presence of magnetic field generated due to internal dynamo plays a great role for the stability of the disc. As we have seen from Figure 1 to Figure 4 the stability and instability of the disc depend on the wavelength (dispersion relation), the nature of the magnetic field and the regions of the disc that is gas pressure and radiation pressure dominant part. 
